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Abstract : When analysing a nonlinear res i s t ive  network one normally 
.oona;ldeF8 i t s  rrimplified reeistive model, which neglect6 the stray in- 
ductances and capacitances present in the network. The dynamics in- 
troduced by these s t r a y  elements may, in cer ta in  cases, c r i t i c a l l y  afd 

I >  : I fect the network response. For a cer ta in  class of r e s i s t i ve  networks i 
we show here that a cer ta in  lower bound o n e h e  r a t i o  of the smallest 

j " s t r ay  capacitance t o  the largest  s t ray  loop inductance is suff ic ient  : 
fo r  the global s tabi l i ty  of the network. 

I . INTRODUCTION 

1 An important class of networks i n  current'technology consists of 
v 

, 

those which a re  nonlinear and essentially r e s i s t i ve  in nature. By 
' th i s  w e  mean that any reactive parameters occur unintentionally as  
s t r ay  or parasi t ic  elements. 
those used i n  d i g i t a l  logic circuitry.  For analysis purposes networks 
which are essent ia l ly  res i s t ive  are normally approximated by r e s i s t i ve  

- ' mathematical models, t ha t  is, models containing no dynamics. The ana- 
l y s i s  of such a model reduces t o  the determination of one or more 
equilibrium s ta tes .  
dynamic effects  due t o  the unavoidable presence of various s t ray  reac-. 
t i v e  parameters, and these dynamic effects can lead t o  cer ta in  undes- 

.. . - .  3 irable unstable behavior such as  sustained paras i t ic  oscil lations.  It 
.. . - i s  therefore of considerable practical  importance t o  inquire in to  the 1 

j conditions under which the response of an essent ia l ly  res i s t ive  net- 
>l work from any i n i t i a l  state w i l l ,  i n  sp i t e  of the s t r ay  reactances, 

remain bounded and tend toward an equilibrium s t a t e  a s  t + OD. Under . 
~ these circumstances the network w i l l  be said t o  possess a constant 

l imit ing regime (CLR). (A CLR implies the non-existence of any sus- , 

Typical of these types of networks a re  
1 .  

The physical network, however, contains cer ta in  

- , tained osci l la t ions) .  I 

! 

r e s i s t i ve  networks in which suff ic ient  conditions fo r  a CLR can be de- 
The purpose of t h i s  paper is t o  delineate a c lass  of essentially . 

- rived and simply interpreted. 
I . .  

11. NETWORK DESCRIPTION 
1 

* $ ) . .  We shall l i m i t  the  discussion t o  networks composed of elements . . 
- 

I b, 
' 

whose r e s i s t i ve  mathematical model s a t i s f i e s  the following conditions: 

the form i = f (v)  where i, f and v a re  a l l  n-vectors (column matrices) 
and f 5 continuously differentiable. .  Thus f represents a r e s i s t i ve  

1) Each element Has terminal relations which can be expressed i n  

1 n-port. I i 



' :  3) For each element there exis t  positive constants N and E such 
that* llvll 2 N implies vtf(v)  2 E 

r -  
I * t  .. - * II*II denotes " n o d ' a n d  

. I  

I .  ) 
I 

I 
I - I - . - - - f- -. .- 

. 

For any network element that  is quasilinear (QL) [SI ,  i s termi- 

Note t h a t  any form of (reqiprocal) nonlinear coup- 

nal re lat ions can also be written i n  the inverse form v = f' 4 (i). A l l  
elements that are not QL w i l l  be called voltage-controlled nonlinear 
res i s tors  (VCNR). 
l i n g  is permitted among the  various ports of an element. A s  w i l l  be 
apparent from our development, the  dual case of networks containing QL 
res i s tors  and current-controlled nonlinear res i s tors  (CCNR) can be 
handled i n  an ident ical  manner. 

. 

, 

(*jt denotes "transposewr 

-_u_ I 

I 

III. PROPER AUGMENTATION, NETWOFX EQUATIONS 

Since the actpal  distribution of s t ray  reactive elements is not 
easy t o  determine, especially when the physical layout of the elements 
i s  unknown, we  would l i k e  t o  obtain our resu l t s  with as l i t t l e  infor - '  
mation as possible concerning these parameters. The r e s i s t i ve  network 
model w i l l  therefore be augmented by cer ta in  l inear  capacitances and 
inductances i n  a largely arbi t rary fashion, subject t o  the following 9 

It is known that fo r  certain rrirregularrr nonlinear networks E11 . 
, . the  response of the mathematical model may be indeterminate. T o  avoid 

d . . .  this  possibi l i ty ,  we shall assume tha t  each V C M  element has a posi- 
2:. t i v e  capacitance of arbitrary value i n  pa ra l l e l  with each port. For 
- - . . _  the QL elements we s h a l l  assume tha t  each port is ei ther  augmented by f  
2 %  ' .  a series posit ive inductance or by a para l le l  positive capacitance ' 

R c -  ( a l l  of a rb i t ra ry  values). (For simplicity, it w i l l  be assumed that  ' 
I a l l  ports of the same element a re  augmented by the same type of reac- 
6 i  Any augmentation consistent with the above res t r ic t ions  w i l l  

be assumed that we a re  dealing with a properly augmented network. 

To obtain the s t a t e  variable equations f o r  such a network we 
. I . .. choose a "proper tree" following the procedure of Bryant C31 and 

write the  fundamental loop and cutset matrices, following the notatiod 

i 

1 . 5  

, considerations. 
, 1 . .  

I 8 .  

. tance).  
.-- be said t o  be a !!proper augmentationrf. In  the sequel it w i l l  always 

* 

: I .  --*I. of '[&-J* b-- . A- 1 .- . .  - 1  

Fyr .F~ . t  0 I 0 Iyy FYs - 
t , .  

,.$ and Q = C-F I1 

'--- 

< '  

t .  - '  

1 '  
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- -1 -*  - .-.--c - L _ _  . 
I . .  The network d i f fe ren t ia l  equations will be c23 
I '  

i 

L O  

= [  o c  

Y i 

S 
i 

I 
: .  matrices, 1 = g(e ) is the  current vector for  the r e s i s t i ve  elements 
f ,* ' included ingthe chgrds and e is the  voltage vector f o r  the r e s i s t i ve  

'elements i n  the tree brancheg. ! "  
1 -  1 appear as tree branches, w e  can Write er = f (i,) = h(ir) .  

' I  1 ' 

- - .  . .  - 1  a scalar "dissipation function" 

. and C = Cs .+ Fis Cc FCs a re  constant symmetric posit ive def ihite 

Since only QL e s i s t i ve  elements may -€ 
- - I  

The form of these equations is greately simplified i f  we de f ' he  

t t  t ,I ': '. '. - - - 'a(e  - S Y  ,i ) = -Jgt(-FgseS) F gs de s - /h (Fyriy)Ftrdiy -iy Fyses 
r ,  

rL I - .  

s i  
c- - -  where 3 is assumed t o  be an indefinite l i n e  integral ,  (independent of; 
2 . -_ path because of reciprocitx C5 I). 

' I  I .. The network equations now become 
r i' .-. I 

. 
L .  

0 

0 

C 

(3)  i 
! 

L 
I 

IV. EXISENCE OF A CONSTANT LIMITING REGIME 
. *  

Based on Eq. ( 3 ) we can now derive a suf f ic ien t  condition fo r  ' 

'' .- t he  existence of a CLFL The following-definit ions w i l l  be -required. 
~ .. 

1 

I 

' 
G(eg) 4 F t $ I F  d '  

- P e g *  
I 

I 
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- ._ -.-- -..*-A-_..*__.- * .. 
I ;  If A is amrea l  symmetric matrix, l e t  

m(A) = least eigenvalue of A f 
j M(A) = greatest  eigenvalue of A ' i  

# 

L e t  % = Inf m ( i )  over a l l  1 (4H) 
i J 

. :  t 

< 
/' 

1 .  * % = Inf m(G) over a l l  e 
.g 

( 4 4  
1 I+$, = 5 M(L) 

i 

- 2  

4 

Now, consider a properly augmented network N, described,by ecp -  
t ions  ( 3 )  and sat isfying the assumptions of Sect. X,L In  terms of the 

. . above quantit ies the following theorem may be stated: 
i - '  
: *  .. Theorem: The network N w i l l  possess a constant limiting regime if 

* > ,  , I 

,>,- mc *% ( 5 ) .  , )  

2 .  ' ML mR 

Before proceeding t o  the proof of the theorem, it is worthwhile 

It is easi ly  shown tha t  mc is equal t o  or 
is equal t o  or  l e s s  

8 

I. . _  t o  give a simple interpretation of condition (5 )  i n  terms of the 

I 

- st ructure  of the network. 
greater than the smallest capacitor i n  N,  and 
than the la rqes t  loop inductance i n  N ,  (i.e., t e sum of a l l  induc- 
tance&& the loop_. [7 1) Furthermore, 

short-circuited.  Because of the manner of augmentation, % must be 
positive.* On the other hand, i s  related t o  the increnyqtal-cop- 
ductance matrix seen f r o m  the ea % c i to r s  (with inductors open-cir- 
cuited),  and may be negative. 

f u l f i l l e d  for  proper augmentation. In  the more interest ing case 

7i - . .  

is  derived f rom the incremen- 
t a l  resistance da t r ix  seen from the indu 3 t o r s  when a l l  capacitors a r e  

- 

-... 
1 .  

Clearly if % were posit ive,  condition (5)  would automatically be 

is negative the theorem indicates that the r a t i o  of smallest 
' where capacit  3 nce t o  largest loop inductance must be above a cer ta in  minimum 

, in order to.assure a CLFL value, - (This.is, of course, a su f f i -  -*% 
?R 

. I  

8 %  * < -  - 

' . . c ien t  condition only). 
Proof: We prove the  theorem using two Lyapunov functions, 

L 

. w = 1 et c es + it L i (6) . 
I 2 s  , 2  Y Y 

_ i  
- -  . 

. .  
( 7 )  

.? 
<,: . . I and 

* See proof of theorem. 
k 

. 1  
--.a. --*-- --cc 
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The la t ter  was first suggested by Brayton and Maser t63. 
I s  a positive constant t o  be determined subsequently. 
rect method of Lyapunov C41, we can show the existence of a CLR if 

In  (7), a 
Using the  di-  

x i  

; 
1) e 0 everywhere excipt a t  the singular/ points of ( 3 ) - ,  - ,  

- 4  

2) Al1, t ra jector ies  areibounded I f o r  t d C8, p. 661 
I 

. . I  

I f l  

To prove-condition (l), :we take ' 
. .' 

. i  

. .' * 
, --. . ! < *  , ... .' 

.. - 
' .  . 

1 7 .  . .  . .. .. , 

a '  

V =  

1 '  
I [i O ]  
O C  

+ 
-R i-. ' 

"1 -G i 

I 

Since each VCNR i s  shunted by a capacitance, it must be a chord ! 
Hence the function h( i r )  must be QL i n  ir. Since each inductive' '  

t be in  series with a r e s i s t i ve  element, the rank of the 

ion FyFh(F 

- 'of a proper tree. Thus, a l l  res i s t ive  tree branches are necessarily 
I QL. 

w i l l  be equal t o  the number of rows of Fyr.  As a r e s u l t  
i ) w i l l  be QL in iy and the matrix R w i l l  be . symmetric posit ive xr eflfiite. C5, p. 361 No such conclusions can be 

. drawn concerning the matrix G. 
b 

Now using definit ions ( a - d )  and subst i tut ing in to  (8) we may 

. .  
i . . .i-.. 

.i ~ , . 
* *  

I 

Assuming that  condition . /  (5) is f u l f i l l e d  we can find'an a > 0 
.. satisfying, \ 

I 
1- 

*. J 

! -2°C , > a ? -  mR 
! *c ML 
i 

Such a value of a w i l l  'make 

To prove condition (2 )  we f ind from matrix B and eq. (1) that 

0 and = 0 only when i = 0 and Y iss -0, c Thus condition (1) ',is f u l f i l l e d .  

r . ti t W = - e , * ( e  ) - irh(i,) $5 
I .I ' 

. //' 



It was assumed that etg(e ) 2 E 0 for  large Ile 11 and h ( i  is’ .. 
; - a quasilinear function. 
. 

Hegce gd -B 00 and $l 0 when 118 11 + Ili,f4 OD.‘ 

alwayk! implies Due t o  the  method of augmentation I l i  11 + lie,II @ 

cl8de. t h a t  a l l  solutions of eq. (1) w i l l  remain bounded. 

Y 
‘ - Ile 11’ + l l i r l l  Thus using W as the Lyapunov function we can con- 

This completes the proof of the  theorem.? * 

I 

r ) .  

, I  V. CONCLUSIONS 
! 

I 

We have shown t h a t  by assuming physically reasonable dis t r ibu-  
t ions of s t r a y  reactive elements in a basically r e s i s t i ve  network, 
cer ta in  suff ic ient  conditions fo r  a s tab le  behavior can be.derived. ~ 

‘ For a network combsed of VCNR and QL res i s t ive  elements the  conclu- 
l s ion t o  be drawn from’these conditions is tha t  s t a b i l i t y  w i L l  be as- 
sured i f  the s t ray  inductances a re  suff ic ient ly  small compared t o  the 

l s t r ay  capacitances. As a practical  application of this r e su l t ,  con- j 
, -- sider the following situation. Suppose a network of the type dis-  i ! 

. - i cussed herein is constructed and is  found t o  osc i l l a t e  due t o  parasii ’ t i c  effects. Our resu l t s  suggest t h a t  such osci l la t ions can be sup- ’ 
y’i’. --; pressed by either reducing any s t ray  inductances, or adding capaci- ‘ .  

’ tances. 

For the sake of c l a r i t y  and brevity, many simplifications were 

’ 

i ’  . 

I 

. <  

(The la t ter  may be easier t o  implement). I )  

I 
9 .  

i. 3 ’  . 
made i n  the above development. Considerably sharper and more general 

’ resu l t s  can be obtained by omitting these simplifications. For ex- ; 
* ample, one can show t h a t  it is the smallest capacitance i n  a r a l l e l  f 

‘ with a VCNR t h a t  determines the l i m i t  of s t a b i l i t y ,  ra ther  -+-n t an t e 
- . . - !  smallest capacitance in the network. Thus, t o  s t ab i l i ze  a network 1 
- . -  ; one should increase a l l  VCNR capacitances. 

e, i ’ . . -. 
., ’ 

*. 1 

- -  
.. , Finally, we recall t h  

. Thus, f o r  example, a netwc - - I  
1 -  I w i l l  be s t a b l e ‘ i f  its-stra 

pared t o  its stray, inducts 
‘ i  % 

. ._ 

* i  
! 

I 

i 
1 .  . ,  

t a l l  of the resu l t s  can be dualized. 
k composed of CCNR’s and QL resistances 
capacitances are suf f ic ien t ly  small com- 

ces . 

\ 

. ., ... ‘-*A . * 
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